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Abstract: We consider the longitudinal momentum distribution of hadrons inside jets in
proton-proton collisions. At partonic threshold large double logarithmic corrections arise
which need to be resummed to all orders. We develop a factorization formalism within
SCET that allows for the joint resummation of threshold and jet radius logarithms. We
achieve next-to-leading logarithmic NLL′ accuracy by including non-global logarithms in
the leading-color approximation. Overall, we find that the threshold resummation leads to
a sizable enhancement of the cross section and a reduced QCD scale dependence, suggesting
that the all-order resummation can be important for the reliable extraction of fragmentation
functions in global analyses when jet substructure data is included.
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1 Introduction
In recent years jet substructure techniques have become important tools at the LHC and
RHIC. The measurement of jet substructure cross sections allows for new high precision
studies in QCD such as the extraction of fragmentation functions, nonperturbative shape
functions and the determination of the QCD strong coupling constant. In addition, jets
can be used as probes of the Quark Gluon Plasma (QGP) in heavy-ion collisions and
for searches of physics beyond the standard model. See [1] for a recent review of jet
substructure techniques and their applications. In this work, we consider the longitudinal
momentum distribution of hadrons inside an identified jet. The cross sections of this
observable are typically reported in terms of the momentum fraction zh = p
h
T /pT , where
phT (pT ) is the hadron (jet) transverse momentum measured with respect to the beam axis.
In the kinematic region where the momentum fraction of the hadron relative to the jet
approaches unity zh → 1, threshold logarithms in the perturbative expansion of the cross
section become large and need to be resummed to all orders in QCD [2, 3]. The experimental
Collaborations at the LHC and RHIC have reported data with zh values up to 0.8-0.9 which
is very close to the hadronic threshold. Further away from the hadronic threshold, the
resummation of threshold logarithms can also be important since the logarithms appear at
the parton level and the perturbative parton level result is convolved with steeply falling
fragmentation functions.
The longitudinal momentum distribution of hadrons inside jets was first studied in
exclusive jet production [4–6]. At proton-proton colliders jet substructure measurements
are often performed on an inclusive jet sample pp → jet + X. The relevant calculations
for the process pp → (jet + h) + X at next-to-leading order (NLO) were carried out nu-
merically in [7] and analytically in the narrow jet approximation in [8–11], where also the
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resummation of logarithms of the jet radius αns ln
nR2 was taken into account. The longitu-
dinal momentum distribution inside jets provides important constraints for the extraction
of collinear fragmentation functions. First, the variable zh allows for a more direct “scan”
of the fragmentation functions compared to inclusive hadron production pp→ h+X. Sec-
ond, gluons contribute at leading-order such that the cross section can provide stringent
constraints for the extraction of the gluon fragmentation function. Instead, processes such
as e+e− → h + X are only sensitive to the gluon fragmentation function at NLO and
through evolution effects. See [12] for an overview of fragmentation functions and recent
extractions can be found in [13–22]. By now, a wide range of identified particles inside the
jet have been considered. Besides light charged hadrons, calculations have been performed
for heavy-flavor mesons [23, 24], quarkonium [25, 26] and photons [27]. A first global anal-
ysis of D∗-meson fragmentation functions including jet substructure data was performed
in [17]. Experimental results in proton-proton and heavy-ion collisions at the LHC can
be found in [28–36] and at RHIC in [37, 38]. In this work, we extend the theoretical de-
scription of the longitudinal momentum measurement to the threshold region. We develop
a joint resummation framework at next-to-leading logarithmic (NLL′) accuracy that al-
lows for the resummation of threshold logarithms and logarithms of the jet radius. See
also [39], where the resummation was carried out at leading-logarithmic accuracy by mak-
ing a suitable scale choice. We determine the relevant non-global logarithms (NGLs) [40]
at next-to-next-to-leading order (NNLO) and resum them at leading-logarithmic accuracy
in the leading-color approximation. The numerical size of the NGLs is significant near the
hadronic threshold, and their resummation is formally necessary to achieve NLL′ accuracy.
Overall we find that the threshold resummation has a significant numerical impact which
motivates the extraction of threshold resummed fragmentation functions in the future.
We note that the longitudinal momentum distribution can be extended to the case
where also the transverse momentum of hadrons relative to the jet axis is observed. In
this case, the choice of the jet axis plays an important role. The transverse momentum
measurement of hadrons relative to the standard jet axis was considered in [41, 42], the
Winnter-Take-All (WTA) scheme in [43, 44], and grooming was included in [45]. Fur-
thermore, spin asymmetries relevant for RHIC were considered in [46–48]. An improved
perturbative understanding of the longitudinal momentum distribution considered in this
work will also advance these transverse momentum dependent jet substructure studies.
The remainder of this paper is organized as follows. In section 2, we review hadron-
in-jet production in proton-proton collisions at NLO. We present the refactorization of
the cross section at partonic threshold in section 3 and list the results of the relevant
functions at NLO. We solve the associated evolution equations in Mellin moment space
which is presented in section 4. The final threshold and jet radius resummed cross section
is given in section 5 where we also include the contribution of NGLs. Numerical results
are presented for LHC kinematics in section 6 and we conclude in section 7 and present an
outlook.
– 2 –
2 Review of hadron-in-jet production in proton-proton collisions at NLO
We consider the longitudinal momentum distribution of hadrons inside jets in proton-
proton collisions pp→ (jet +h) +X. The identified jets are reconstructed with the anti-kT
algorithm [49] differential in the jet transverse momentum pT and rapidity η. We denote
the longitudinal momentum fraction of the identified hadrons inside the reconstructed jet
by zh = p
h
T /pT , where p
h
T denotes the hadron transverse momentum (relative to the beam
axis). At NLO, up to power corrections O(R2), we can write the cross section as [8, 9]
dσpp→(jet+h)X
dpT dη dzh
=
∑
abc
fa(xa, µ) ⊗ fb(xb, µ) ⊗ Hcab(xa, xb, η, pT /z, µ) ⊗ Ghc (z, zh, pTR,µ) .
(2.1)
Here fa,b are the PDFs, H
c
ab are the hard-scattering functions to produce a parton c in the
final state in a collision of partons a and b. The hard functions are known analytically to
NLO [50, 51]. The jet function Ghc takes into account the formation and evolution of the
observed final state jet which carries a momentum fraction z = pT /p
c
T of the initial parton
c. In addition, the jet function contains the dependence on the variable zh. Appropriate
integrals over the longitudinal momentum fractions xa,b and z are denoted by ⊗. In the
kinematic regime away from the endpoints 0 zh  1, we can write the jet function Ghc in
terms of a convolution integral of the standard collinear fragmentation functions Dhd and
matching coefficients Jcd which can be calculated perturbatively,
Ghc (z, zh, pTR,µ) =
∑
d
Jcd(z, zh, pTR,µ)⊗Dhd (zh, µ) . (2.2)
The relevant expressions to NLO can be found in [8, 9]. The factorization in Eqs. (2.1)
and (2.2) is achieved by separating the physics at different scales, namely,
µf ∼ ΛQCD , µG ∼ pTR , µH ∼ pT , (2.3)
of the PDFs and fragmentation function, the jet function and the hard function, respec-
tively. Single logarithms of the jet radius αns ln
nR2 can be resummed through DGLAP
evolution equations satisfied by the jet function Ghc which take the form
µ
d
dµ
Ghc (z, zh, pTR,µ) =
∑
d
∫ 1
z
dz′
z′
αs
pi
Pdc(z/z
′)Ghd (z′, zh, pTR,µ) . (2.4)
Here Pdc are the usual Altarelli-Parisi splitting functions and the evolution is carried out
between the scales pTR and pT [9]. For completeness, we present here the results for the
partonic unrenormalized jet function Gq,gc and before subtracting the final state collinear
singularity which is removed by introducing the nonperturbative fragmentation functions.
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We have [8, 9]
Gqq (z, zh, pTR,µ) = δ(1− z)δ(1− zh)
+
αs
2pi
(
−1

− L
)
Pqq(zh)δ(1− z) + αs
2pi
(
1

+ L
)
Pqq(z)δ(1− zh)
+ δ(1− z)αs
2pi
[
2CF (1 + z
2
h)
(
ln(1− zh)
1− zh
)
+
+ CF (1− zh) + 2Pqq(zh) ln zh
]
− δ(1− zh)αs
2pi
[
2CF (1 + z
2)
(
ln(1− z)
1− z
)
+
+ CF (1− z)
]
, (2.5a)
Ggq (z, zh, pTR,µ) =
αs
2pi
(
−1

− L
)
Pgq(zh)δ(1− z) + αs
2pi
(
1

+ L
)
Pgq(z)δ(1− zh)
+ δ(1− z)αs
2pi
[2Pgq(zh) ln(zh(1− zh)) + CF zh]
− δ(1− zh)αs
2pi
[2Pgq(z) ln(1− z) + z] , (2.5b)
Ggg (z, zh, pTR,µ) = δ(1− z)δ(1− zh)
+
αs
2pi
(
−1

− L
)
Pgg(zh)δ(1− z) + αs
2pi
(
1

+ L
)
Pgg(z)δ(1− zh)
+ δ(1− z)αs
2pi
[
4CA
(1− zh + z2h)2
zh
(
ln(1− zh)
1− zh
)
+
+ 2Pgg(zh) ln zh
]
− δ(1− zh)αs
2pi
[
4CA
(1− z + z2)2
z
(
ln(1− z)
1− z
)
+
]
, (2.5c)
Gqg(z, zh, pTR,µ) =
αs
2pi
(
−1

− L
)
Pqg(zh)δ(1− z) + αs
2pi
(
1

+ L
)
Pqg(z)δ(1− zh)
+ δ(1− z)αs
2pi
[2Pqg(zh) ln(zh(1− zh)) + 2TF zh(1− zh)]
− δ(1− zh)αs
2pi
[2Pqg(z) ln(1− z) + 2TF z(1− z)] . (2.5d)
where
L = ln
(
µ2
p2TR
2
)
. (2.6)
Note that the matching coefficients Jcd at NLO in Eq. (2.2) are obtained from Eq. (2.5) by
removing all 1/ singularities. We also note that it is possible to further separate the NLO
result into two jet functions where each function only depends on z and zh, respectively.
See [8] for more details. Note that each jet function Gq,gc contains two logarithms of the jet
radius ∼ L. The logarithms multiplied by ∼ Pdc(z) are resummed through the DGLAP
evolution of the jet function in Eq. (2.5). The other ones which are multiplied by ∼ Pdc(zh)
are resummed by evaluating the fragmentation function at the jet scale µJ ∼ pTR, see [9],
whereas at fixed order the scale is chosen as µH ∼ pT . Thus, the two DGLAP evolutions
achieve the resummation of both sets of logarithms of the jet radius R. The relevant results
for the cone algorithm can be found in [52]. We note that the threshold resummation
discussed in this work does not depend on the choice of the jet algorithm to the accuracy
we are working at.
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3 Refactorization at partonic threshold
We consider the threshold resummation for hadron-in-jet production in the limit zh → 1.
This corresponds to the limit where the identified hadron inside the jet carries most of the
jet transverse momentum and additional emissions inside the jet are soft. Note that we
do not take the limit z → 1 which is associated with the threshold production of the jet,
see for example [53–60]. The refactorization at threshold is obtained within Soft Collinear
Effective Theory (SCET) [61–65]. We start with the fixed order result of the jet function
Gdc in the threshold limit. By taking the limit zh → 1, we find at NLO
Gqq (z, zh, pTR,µ) = δ(1− z)δ(1− zh)
+
αs
2pi
(
−1

− L
)
CF
(
2
(1− zh)+
+
3
2
δ(1− zh)
)
δ(1− z)
+
αs
2pi
(
1

+ L
)
Pqq(z)δ(1− zh) + δ(1− z)αs
2pi
4CF
(
ln(1− zh)
1− zh
)
+
− δ(1− zh)αs
2pi
[
2CF (1 + z
2)
(
ln(1− z)
1− z
)
+
+ CF (1− z)
]
, (3.1a)
Ggq (z, zh, pTR,µ) = δ(1− zh)
αs
2pi
[(
1

+ L
)
Pgq(z)− 2Pgq(z) ln(1− z)− CF z
]
, (3.1b)
Ggg (z, zh, pTR,µ) = δ(1− z)δ(1− zh)
+
αs
2pi
(
−1

− L
)
CA
(
2
(1− zh)+
+
β0
2
δ(1− zh)
)
δ(1− z)
+
αs
2pi
(
1

+ L
)
Pqg(z)δ(1− zh) + δ(1− z)αs
2pi
4CA
(
ln(1− zh)
1− zh
)
+
− δ(1− zh)αs
2pi
[
4CA
(1− z + z2)2
z
(
ln(1− z)
1− z
)
+
]
, (3.1c)
Gqg(z, zh, pTR,µ) = δ(1− zh)
αs
2pi
[(
1

+ L
)
Pqg(z)− 2Pqg(z) ln(1− z)− 2TF z(1− z)
]
.
(3.1d)
Note that the jet function in the threshold limit zh → 1 still satisfies the DGLAP evolution
equations in Eq. (2.4) as it is associated with the variable z. In the threshold limit ΛQCD 
pTR(1− zh) pTR at NLL′ accuracy, we can refactorize the jet function Ghc in Eq. (2.1)
as
Ghc (z, zh, pTR,µ) NLL
′
=
∑
d
Hcd(z, pTR,µ)Sd(zh, pTR,µ)⊗ SNGd (zh, µ)⊗Dhd (zh, µ) . (3.2)
Here Hcd are hard matching coefficients functions. To NLO they are given by out-of-jet
radiation diagrams and the characteristic scale is given by the jet scale µH ∼ µG ∼ pTR.
In the limit zh → 1 any emissions inside the observed jet are required to be soft. Soft
radiation inside the jet is taken into account by a collinear-soft [66] function Sd where
the collinearity is set by the jet constraint. The characteristic soft scale µS is given in
terms of the threshold variable µS ∼ pTR(1 − zh). The evolution equation of the soft
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function which we derive below therefore resums the relevant threshold logarithms. We
account for NGLs [40] by including the soft function SNGd which can be separated from the
soft function Sd at NLL
′ accuracy. NGLs arises due to correlations between the out-of-jet
radiation Hcd and the soft function Sd. They first arise at NNLO and need to be taken
into account to achieve full NLL′ accuracy. See for example [67–71] for recent work on the
all order resummation of NGLs. We take into account the parton-to-hadron fragmentation
by introducing the fragmentation function Dhd at threshold. The symbols ⊗ denote Mellin
convolution integrals in terms of zh similar to those in Eq. (2.2) above.
Next we calculate the relevant functions in the refactorized expression in Eq. (3.2)
to NLO. Throughout this work, we use the MS scheme. An important check is that the
one-loop results add up to the fixed order result in Eq. (3.1). We start with the hard
matching coefficients functions Hcd at the jet scale. The same functions appear in the
refactorization of the cross section of other jet substructure observables which were first
calculated in [42, 52]. For completeness, we list the results here including the singularities:
Hqq(z, pTR,µ) = δ(1− z) + αs
2pi
[
CF δ(1− z)
(
− 1
2
− 3
2
− L

− L
2
2
− 3
2
L+
pi2
12
)
+
(1

+ L
)
Pqq(z)− 2CF (1 + z2)
( ln(1− z)
1− z
)
+
− CF (1− z)
]
, (3.3a)
Hqg(z, pTR,µ) = αs
2pi
[(1

+ L
)
Pgq(z)− 2Pgq(z) ln(1− z)− CF z
]
, (3.3b)
Hgg(z, pTR,µ) = δ(1− z) + αs
2pi
[
CAδ(1− z)
(
− 1
2
− β0
2CA
− 1

L− L
2
2
− β0
2CA
L+
pi2
12
)
+
(1

+ L
)
Pgg(z)− 4CA(1− z + z
2)2
z
(
ln(1− z)
1− z
)
+
]
, (3.3c)
Hgq(z, pTR,µ) = αs
2pi
[(1

+ L
)
Pqg(z)− 2Pqg(z) ln(1− z)− TF 2z(1− z)
]
. (3.3d)
The perturbative parton-to-parton fragmentation functions at threshold are given by [72]
Dq(zh, µ) = δ(1− zh)− αs
2pi
CF
1

(
2
(1− zh)+
+
3
2
δ(1− zh)
)
, (3.4)
Dg(zh, µ) = δ(1− zh)− αs
2pi
CA
1

(
2
(1− zh)+
+
β0
2CA
δ(1− zh)
)
, (3.5)
for quarks and gluons. Note that the singularities here match the ones in Eq. (3.1). We
define the collinear-soft function for quarks at the operator level as
Sq(q
−, pTR,µ) =
1
Nc
∑
Xs
〈0|T¯[Y †n¯Yn] |X〉〈X|T[Y †nYn¯]|0〉 δ
(
q− −
∑
i∈jet
q−i
)
, (3.6)
where the delta function sums over the light-cone component q− of the soft radiation
inside the jet. Soft emissions from collinear particles in the jet are taken into account by
the eikonal Wilson line Yn and we include a Wilson line in the conjugate direction n¯. For
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gluons, we need the Wilson lines in the adjoint representation and the overall normalization
needs to be adjusted to 1/(N2c − 1). The NLO collinear-soft function can be obtained from
S
(1)
d (q
−, pTR,µ) = Cd
g2s
(2pi)d−1
(
µ2eγE
4pi
) ∫
ddk δ(k2)
n · n¯
n · k n¯ · kδ(q
−− n¯·k) Θ
(
n · k
n¯ · k <
R2
4
)
.
(3.7)
for quarks and gluons Cd = CF,A. The NLO calculation turns out to be analogous to that
for the soft-collinear function considered in [58, 59]. The O(αs) contribution of the two
functions only differs by an overall minus sign. We find
S
(1)
d (q
−, pTR,µ) =
αs
pi
Cd
(
−1

)
eγE
Γ[1− ]
R
µ
(
q−R
µ
)−1−2
. (3.8)
At threshold we can identify q− ≈ (1− zh)pT . We therefore write the soft function as
S
(1)
d (zh, pTR,µ) =
αs
pi
Cd
(
−1

)
eγE
Γ[1− ]
(
µ
pTR
)2
(1− zh)−1−2 . (3.9)
The expansion of the soft function up to NLO in distribution space is then given by
Sd(zh, pTR,µ) = δ(1− zh) + αs
2pi
Cd δ(1− zh)
[
1
2
+
L

+
L2
2
− pi
2
12
]
+
αs
2pi
Cd
[
−
(1

+ L
) 2
(1− zh)+
+ 4
( ln(1− zh)
1− zh
)
+
]
. (3.10)
We observe that the O(αs) contributions of the different functions in Eq. (3.3a), (3.4)
and (3.10) add up to the fixed order result in the threshold limit as given in Eq. (3.1),
which provides an important check of the refactorization. Up to power corrections of order
O(R2), the leading non-global logarithms for hadron-in-jet production are a boosted version
of the e+e− hemisphere case [73]. We find that the leading NGLs at NNLO are given by
SNGd (zh, µ) = δ(1− zh)−
α2sCACd
6
( ln(1− zh)
1− zh
)
+
. (3.11)
In our numerical results presented below, we include the all order resummation of the NGLs
at leading logarithmic accuracy in the leading-color approximation [40].
4 Evolution in Mellin space
We start with the evolution equations of the hard-matching functions Hcd which are given
by [42, 52]
µ
d
dµ
Hcd(z, pTR,µ) =
∑
e
∫ 1
z
dz′
z′
γHce
(z′
z
, pTR,µ
)
Hed(z′, pTR,µ) . (4.1)
The anomalous dimensions γHce are given by
γHce(z, pTR,µ) = δceδ(1− z)ΓHc (pTR,µ) +
αs
pi
Pec(z) , (4.2)
– 7 –
where Pec are the Altarelli-Parisi splitting functions and the additional diagonal terms are
ΓHq (pTR,µ) =
αs
pi
CF
(
− L− 3
2
)
, (4.3)
ΓHg (pTR,µ) =
αs
pi
CA
(
− L− β0
2CA
)
. (4.4)
We are going to derive the evolution equations of the soft function and the fragmentation
functions in Mellin moment space where the convolution structure in Eq. (3.2) factorizes.
After solving the evolution equations and performing the resummation in Mellin transform
space, we will perform a numerical Mellin inverse transformation. We adopt the following
convention for the Mellin transform and its inverse
f(N) =
∫ 1
0
dz zN−1f(z) , (4.5)
f(z) =
∫
CN
dN
2pii
z−Nf(N) , (4.6)
where CN denotes an appropriate contour in the complex N plane. For the soft function
in Mellin space we find
Sd(pTR/N¯, µ) = 1 +
αs
2pi
Cd
[
1
2
+
2

ln
(
µN¯
pTR
)
+ 2 ln2
(
µN¯
pTR
)
+
pi2
4
]
, (4.7)
where we use the notation N¯ = NeγE . For the fragmentation function at threshold we
obtain in Mellin space
Dq(N¯ , µ) = 1 +
αs
2pi
CF
1

(
2 ln N¯ − 3
2
)
, (4.8)
Dg(N¯ , µ) = 1 +
αs
2pi
CA
1

(
2 ln N¯ − β0
2CA
)
. (4.9)
The characteristic scales of the fragmentation function Dd, the soft function Sd and the
hard matching functions Hcd are thus given by
µD ∼ ΛQCD µS ∼ pTR/N¯ , µH ∼ µG ∼ pTR . (4.10)
In Mellin moment space the renormalization and the evolution equations of the soft function
are multiplicative. We can relate the bare and renomalized soft functions as
Sd(pTR/N¯, µ) = Zd(pTR/N¯, µ)S
ren
d (pTR/N¯, µ) . (4.11)
From now on we only consider the renormalized soft function and drop its superscript
“ren”. The renormalization constant Zd and the renormalized soft function Sd are given
by
Zd(pTR/N¯, µ) = 1 +
αs
2pi
Cd
[
1
2
+
2

ln
(
µN¯
pTR
)]
, (4.12)
Sd(pTR/N¯, µ) = 1 +
αs
2pi
Cd
[
2 ln2
(
µN¯
pTR
)
+
pi2
4
]
. (4.13)
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The renormalized soft function satisfies the following renormalization group (RG) evolution
equation
µ
d
dµ
Sd(pTR/N¯, µ) = γ
S
d (pTR/N¯, µ)Sd(pTR/N¯, µ) , (4.14)
where the anomalous dimension is given by
γSd (pTR/N¯, µ) = 2
αs
pi
Cd ln
(
µN¯
pTR
)
. (4.15)
To achieve NLL′ accuracy, we need to include the two loop contribution of the cusp anoma-
lous dimension. We thus write γSd as
γSd (pTR/N¯, µ) = 2Γd(αs) ln
(
µN¯
pTR
)
+ γd(αs) . (4.16)
Here γd is the non-cusp term which is zero at NLL
′ accuracy and Γd(αs) is the cusp
anomalous dimension which can be calculated perturbatively as
Γd(αs) =
αs
pi
Γ
(1)
d +
(αs
pi
)2
Γ
(2)
d + . . . . (4.17)
To achieve NLL′ accuracy, we need the first two coefficients which are given by
Γ
(1)
d = Cd , Γ
(2)
d =
Cd
4
[(
67
9
− pi
2
3
)
CA − 20
9
TFnf
]
, (4.18)
with Cd = CF,A for quarks and gluons, respectively. The solution of the RG equation of
the soft function in Eq. (4.14) can be written as
Sd(pTR/N¯, µ) = Sd(pTR/N¯, µ0) exp
[∫ µ
µ0
dlnµ′ γSd (pTR/N¯, µ
′)
]
. (4.19)
We note that at leading-logarithmic accuracy for a fixed coupling constant, the exponential
in Eq. (4.19) can be written as
exp
[αs
pi
Cd ln
2 N¯
]
. (4.20)
Next, we consider the RG evolution equations of the fragmentation functions at threshold.
They satisfy the usual DGLAP evolution equations in the threshold limit. In Mellin space,
we have
µ
d
dµ
Dd(N¯ , µ) = γ
D
d (N¯ , µ)Dd(N¯ , µ) , (4.21)
where the anomalous dimensions are given by [72]
γDq (N¯ , µ) =
αs
pi
CF
[
−2 ln N¯ + 3
2
]
, (4.22)
γDg (N¯ , µ) =
αs
pi
CA
[
−2 ln N¯ + β0
2CA
]
. (4.23)
The solution of the RG evolution equation of the fragmentation function in Eq. (4.21) can
be written analogously to that for the resummed soft function in Eq. (4.19). We find that
the RG invariance of the refactorized cross section in the threshold limit is satisfied,
ΓHd (pTR,µ) + γ
S
d (pTR/N¯, µ) + γ
D
d (N¯ , µ) = 0 , (4.24)
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where we included ΓHd which denotes the diagonal non-DGLAP part of the anomalous
dimensions of the hard matching functions as given in Eq. (4.3). The RG invariance in
Eq. (4.24) implies that indeed between the scale pTR and pT only the DGLAP evolution of
the entire jet function Gc remains, see Eq. (2.4). From Eq. (4.13), we find that choosing the
natural scale of the soft function µS ∼ pTR/N¯ eliminates all large logarithms at fixed order.
In order to perform the Mellin inverse transformation, we need to choose a prescription to
avoid the Landau pole as discussed in the next section.
5 Threshold and jet radius joint resummation at NLL′
When performing the Mellin inverse transformation we need to avoid the Landau pole. This
can be achieved for example by using the minimal prescription of [74] where we choose the
scale µ0 = µS ∼ pTR/N¯ in Mellin space. The contour in the complex plane of the Mellin
inverse transformation is chosen to the right of all the singularities of the resummed cross
section and to the left of the branch cut due to the Landau pole. Alternatively, we could
follow for example the prescription developed in [75] where the scale setting is carried out
in distribution space. We can evaluate the integral in Eq. (4.19) by inserting an explicit
form for the QCD strong coupling constant αs. We use
αs(µ) =
αs(µ
′)
X
[
1− αs(µ′)b1
b0
lnX
X
]
, (5.1)
with
X = 1 + b0αs(µ
′) ln
( µ2
µ′2
)
, (5.2)
which is sufficient to NLL′ accuracy. See also [76] for example. The first two coefficients
of the QCD beta function are given by
b0 =
1
12pi
(11CA − 2Nf ), b1 = 1
24pi2
(17C2A − 5CANf − 3CFNf ) . (5.3)
In order to achieve the resummation we treat αs ln N¯ ∼ O(1) and expand the remainder
in powers of αs. We find
Sd(pTR/N¯, µ) = Sd(pTR/N¯, µS) exp
[
λ
αsb0
h
(1)
d (λ) + h
(2)
2 (λ, pTR,µ)
]
, (5.4)
where
λ = αsb0 ln
(µH
µS
)
= αsb0 ln N¯ , (5.5)
and
h
(1)
d (λ) =
Γ
(1)
d
2pib0λ
[2λ+ (1− 2λ) ln(1− 2λ)] , (5.6)
h
(2)
d (λ, pTR,µ) = −
Γ
(2)
d
2pi2b20
[2λ+ ln(1− 2λ)]
+
Γ
(1)
d b1
2pib30
[
2λ+ ln(1− 2λ) + 1
2
ln2(1− 2λ)
]
− Γ
(1)
d
2pib0
ln(1− 2λ) ln
( µ2
p2TR
2
)
. (5.7)
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The relevant scale here is µ ∼ µH ∼ µG ∼ pTR as we need to evolve the soft function to
the jet scale. Above the jet scale up to the hard scale µH ∼ pT we are only left with the
DGLAP evolution equations of the entire jet function in Eq. (2.4) which resums logarithms
of the jet radius, see Eq. (4.24). Therefore, the result in Eq. (5.4) only exponentiates
threshold logarithms but not logarithms of the jet radius R. Instead, logarithms of the
jet radius are resummed through the DGLAP evolution of the jet function Ghc in Eq. (2.4)
and the DGLAP evolution of the fragmentation function up the scale pTR. In order to
compare to the fixed order expression, we need to evaluate the fragmentation functions
instead at the hard scale µH ∼ pT . We can thus subtract the perturbative evolution of the
fragmentation function in the threshold limit between pTR and pT . In the threshold limit,
we would then include the factor
exp
[
Γ
(1)
d
pib0
λ ln
( 1
R2
)]
, (5.8)
in the resummed result which can be derived from Eqs. (4.21) and (4.22). Note that
using Eq. (5.8) does not jointly resum threshold and jet radius logarithms but instead only
logarithms of R which are multiplied by a threshold logarithm. Nevertheless, Eq. (5.8)
provides an important check that indeed all threshold distributions are resummed within
the our formalism. Expanding the exponential in Eq. (5.8) to O(αs) correctly reproduces
the terms ∼ −LPde(zh) of the NLO result at threshold, see Eq. (3.1). Finally, note that
the remaining soft function evaluated at the characteristic scale still contains the strong
coupling constant evaluated at the soft scale αs(µS ∼ pTR/N¯). At NLL′ accuracy, we can
rewrite αs as [77]
αs(pTR/N¯) =
αs(pTR)
1− 2λ . (5.9)
We note that the threshold resummed exponent in Eq. (5.4) has the form as it is typically
found in the “direct” perturbative QCD literature [2, 3]. We can also rewrite Eq. (4.19) in
the more conventional form of [78]
Sd(pTR/N¯, µ) = Sd(pTR/N¯, µS) exp
[∫ 1
0
dz
zN − 1
1− z
∫ p2TR2(1−z)2
µ2
dk2
k2
Γd(αs(k
2))
]
,
(5.10)
where we omitted the non-cusp contribution which only contributes beyond NLL′ accuracy.
We include the non-global logarithms in Mellin space using the MC results of [40]. We
introduce the variable
t =
1
2pi
∫ pTR
pTR/N¯
dkT
kT
αs(kT ) = − ln(1− 2λ)
4pib0
, (5.11)
where λ is defined as above. We can then write the non-global component at leading
logarithmic accuracy in the large-Nc limit as [40]
SNGd (N,µ) = exp
[
−CdCApi
2
3
1 + (at)2
1 + (bt)c
t2
]
, (5.12)
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Figure 1. Ratio of the threshold resummed cross section and the NLO one (red) for the longitudinal
momentum distribution zh of pions inside a jet pp→ (jet + pi) +X. The kinematics are indicated
in the figure and we use the pion fragmentation functions of [13]. In addition, we show in blue the
ratio of the NLO cross section in the threshold limit and the full NLO.
with a = 0.85CA, b = 0.86CA and c = 1.33. Eventually, we obtain the resummed result in
zh-space as
Ghc (z, zh, pTR,µ) =
∑
d
Hcd(z, pTR,µ)
∫
CN
dN
2pii
z−Nh Sd(N, pTR,µ)S
NG
d (N,µ)D
h
d (N,µ) .
(5.13)
The involved fragmentation functions are fitted using a functional form suitable for the
Mellin transformation as discussed in more detail below. We use an additive matching
procedure to NLO,
dσres + dσNLO − dσNLO threshold , (5.14)
where we subtract the NLO contribution in the threshold limit or equivalently the O(αs)
expansion of the resummed result to avoid double counting.
6 Numerical results
We perform the Mellin inverse transformation numerically according to Eq. (5.13). Since
fragmentation functions are usually provided on a grid in terms of the momentum fraction
zh and the scale µ, we first fit the fragmentation functions using a suitable functional form.
We choose
Dhd (zh, µ) = a1z
a2
h (1− zh)a2
( 4∑
j=0
cj z
j
h
)
, (6.1)
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Figure 2. Ratio of the threshold resummed cross section and the NLO one for the gluon (red) and
the u quark jet function (blue). The kinematics are the same as in Fig. 1.
where the ai are given by
ai = ai1 + ai2 ln(ln(µ/µ0)) (6.2)
and similarly for cj . Here µ0 is a fixed parameter of order 1 GeV and the remaining
parameters are fitted to the fragmentation functions. We can then calculate the Mellin
transform of the fitted fragmentation functions analytically. In Mellin space the fitted
fragmentation functions in Eq. (6.1) are given by a sum over Beta functions. In this work,
we choose the DSS14/17 set of pion fragmentation functions (charge averaged) of [13, 16]
as an example. We assess the quality of our fit in Eq. (6.1) by comparing the cross section
at NLO using the fitted fragmentation functions in Mellin space and the exact ones in
zh-space. We find that the two results agree to better than 2% in the relevant kinematic
range considered below. Since the fragmentation functions that are currently available in
the literature are extracted within a global analysis at fixed order in perturbation theory,
we do not necessarily expect to find a better agreement with the data from the LHC and
RHIC. Therefore, we limit ourselves here to studies of the numerical impact of the threshold
resummation. However, in the future it will be possible to include the resummation within
a global analysis and obtain threshold resummed fragmentation functions.
We consider inclusive jet production where the longitudinal momentum distribution
of charged pions (but averaged over charge) is measured inside the observed jet, pp →
(jet +pi) +X. As an example, we choose jets that are reconstructed with the anti-kT algo-
rithm with a jet radius of R = 0.4 in the transverse momentum range 62.5 < pT < 100 GeV
with |η| < 1.5 at √s = 7 TeV. In Fig. 1, we show the ratio of the threshold resummed
cross section and the result at NLO (red). Note that lnR resummation is included both in
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Figure 3. QCD scale uncertainty of the threshold resummed cross section (green) and the NLO
result (red) normalized by the inclusive jet cross section σincl.
the numerator and denominator. The numerical impact of lnR resummation was studied
in [9]. In addition, we show the ratio of the NLO result in the threshold approximation
and the full NLO (blue). In the displayed range, the two calculations agree to better than
20% and above zh = 0.1 to much better than 10% indicating that the cross section is dom-
inated by the singular distributions at partonic threshold. We observe that the threshold
resummation leads to a sizable increase of the cross section in the intermediate and large
zh region. Interestingly, we observe a peak at intermediate values of the longitudinal mo-
mentum fraction zh ≈ 0.6. At larger values of zh, the displayed ratio falls off until zh ≈ 0.8
and then rises again.
To better understand the peak structure at intermediate values of zh as observed in
Fig. 1, we consider the quark and gluon contributions separately for the same kinematics.
In Fig. 2, we show the enhancement due to the threshold resummation separately for
quarks (blue) and gluons (red). For the quark, we show the result for u quarks as an
example. We define the quark and gluon contributions according to the resummed and
matched jet functions Ghc as given in Eqs. (2.2) and (3.2). As expected, the numerical
size of the enhancement is significantly larger for the gluon case due to larger color factors
and the steeply falling gluon fragmentation function for zh → 1. Instead, for quarks the
enhancement is moderate, and only close to the hadronic threshold do we observe a steep
rise due to the resummation. However, when the two channels are combined, one finds that
the gluon contribution is numerically significantly smaller than the quark contribution close
to the hadronic threshold. This is mainly due to the fact that the gluon fragmentation
function vanishes faster for zh → 1 than the quark fragmentation functions. Therefore,
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Figure 4. Ratio of the threshold resummed cross section and the NLO with (red) and without
(blue) NGLs. The kinematics are the same as in Fig. 1.
the large enhancement of the gluon channel seen in Fig. 2 does not directly translate to
the entire cross section as shown in Fig. 1. Instead, at very large zh, the cross section is
dominated by the quark threshold enhancement. At intermediate zh the large enhancement
of the gluon channel is still visible which leads to the peak around zh ≈ 0.6.
Next, we consider the scale dependence of the NLO and the threshold resummed cross
sections. In Fig. 3, we show the QCD scale uncertainty bands for the NLO (hatched red
band) and the threshold resummed calculation (green band). We vary both the hard scale
µH ∼ pT and the jet scale µH ∼ µG ∼ pTR by factors of 2 around their central values
and take the envelope. Here we show the cross section normalized to the inclusive jet
cross section σincl, and the kinematics are the same as in Fig. 1 above. Note that the
inclusive jet cross section differential in the jet’s transverse momentum and rapidity can
be obtained from Eq. (2.1) by replacing the jet functions Ghc with the semi-inclusive jet
functions of [8–10]. We observe a significant reduction of the QCD scale dependence when
threshold resummation is included.
Finally, we study the impact of the NGLs which are resummed in the large-Nc ap-
proximation. In Fig. 4, we show the ratio of the threshold resummed cross section and
the NLO one in blue when the NGLs are not included. For comparison, we also show the
result of the resummation including NGLs (red) and we use the same kinematics as in
Fig. 1 above. We observe that the NGLs lead to a reduction of the cross section in the
intermediate and large zh region as expected due to the additional soft emissions inside
the jet. In the intermediate zh region the impact of the NGLs is somewhat larger since the
gluon contribution dominates, as discussed above. Overall the impact of the NGLs is of
– 15 –
the order of 10-15% for the kinematics considered here.
7 Conclusions
In this work we considered the longitudinal momentum distribution of hadrons inside a re-
constructed jet in proton-proton collisions. In the kinematic region where the momentum
fraction of the identified hadron relative to the total jet momentum approaches unity, large
logarithmic corrections arise which need to be resummed to all orders. These logarithmic
corrections arise at the parton level and are further enhanced by the steeply falling frag-
mentation functions even away from the hadronic threshold. In this work, we developed a
formalism within Soft Collinear Effective Theory that allows for the joint resummation of
these threshold logarithms as well as of logarithms of the jet radius. The resummation was
carried out in Mellin moment space and we identified the relation to resummed expressions
in the traditional perturbative QCD literature. The resummation of logarithms of the jet
radius was achieved through two DGLAP evolution equations of the jet function and the
collinear fragmentation function. In order to achieve full next-to-leading logarithmic NLL′
accuracy, we included non-global logarithms in the leading-color approximation which arise
due to configurations where a soft gluon is emitted into the jet from out-of-jet radiation.
The Mellin inverse transformation was performed numerically using the so-called minimal
prescription. Overall, we found that the threshold resummation leads to a sizable enhance-
ment of the cross section compared to NLO and to a reduced QCD scale uncertainty. We
also observed an intricate interplay between the resummations for the quark and gluon
contributions to the cross section, leading to a pronounced peak structure of the resummed
cross section at intermediate values of zh. We found that the contribution due to non-global
logarithms reduces the cross section in the threshold region. Our findings suggest that it is
important to include threshold resummation for the extraction of fragmentation functions
when hadron-in-jet data is included in global analyses. In addition, we expect that our
results can shed new light on the non-trivial modification pattern of the jet fragmentation
function in heavy-ion collisions.
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